An important notion, introduced in [Ho-P] , is that of a skew differential field F over k. This will mean here the following: F is a skew field containing k, k lies in the center of F, the dimension of F over k is finite, and F has a differentiation which extends the differentiation of k. A diff erential module M over F is a finite dimensional left vector space over F, provided with an additive map ~ : M -4 M satisfying ~(fm) = f a(m) + f'm for all f E F and m E M. By restriction of scalars, M is also a differential module over k. Using skew differential fields over k one can produce in this way differential modules over k with rather special properties.
The above questions are studied in [H-P] and in recent preprints [Ho-P] and [P] . Here we review some of the material (from a somewhat different point of view) and provide some new complementary results, in particular for differential fields of convergent Laurent series.
Rationality for submodules
The results of this section extend and correct [H-P] Proof. -(a) The sum of all 03C3(N), with 03C3 C Gal(k/k), is a submodule N that is rational over k. Let H be [k' : k] (b) . For À E one defines the 1-dimensional differential module E(03BB) := Q(x)ex over Q(x) by 8e,B == 0 3 B B x e 0 3 B B . Let 03BB1,..., Àr be all solutions in Q of some irreducible polynomial over Q. Suppose that Ài -03BBj ~ Z for i j. On the differential module A := E(03BB1) ~ ··· EBE(Àr) over Q(x) one defines an action of Gai := Gal(/Q) = Gal((x)/WQ(x)) by 03C3e03BB2 = e03C3(03BB2) and 03C3(fa) = 03C3(f)03C3(a) for f E Q.(x) and a e A. This action commutes with a. Then M = A Gal is a differential module over Q(x) and Q(x) ~Q(x) M = A. Thus M and N :== E(03BB1) is an example for (b). Clearly Q(03BB1) is the field of definition
isomorphic a product r copies of (x). It follows that Q(x) ~Q(x) Z is isomorphic to A. Also Q(x) ~Q(x) M ~ A. By [Ho-P] [P-S] ((x -a) ) 0 M is a trivial differential module and so is Ck ((x -a) ) 0 M. Put V = ker(Ck ((x -a) ) 0 M). Then V is a full solution space of M, i.e., the dimension of V over Ck is equal to the dimension of M over k. The field, generated over k C Ck ((x -a) ((x -a) ). The induced action of Gal(Ck/Ck) on Ck ((x -a) ) 0 M commutes with 9. Hence the space V C Ck ((x -a) As in lemma 4.1 we assume that k = Ck (x). We will use the above notations. The natural action of G+ on K 0k M induces an action of G+ on the solution space V = ker(9, K 0k M). Moreover, this action of G+ on K 0k M induces the natural action of Gal(Ck/Ck) on k 0k M = M.
The choice of a section s : Gal(Ck/Ck) ~ G+ provides V with a Cklinear action of Gal(Ck/Ck). By [S] , Proposition 3, p.159, the Ck-vector space has the property that the natural map Ck ~Ck V0 ~ V is a bijection. We will formulate this property by "V has a Ck-structure". For the section s, considered in the proof of Lemma 4.1, one has Vo = ker(~, Ck((x -a)) 0M).
The Ck-structure of V depends of course on the choice of s.
There is a 1-1 correspondence between the submodules N of M and the G-invariant subspaces W of V. This correspondence is given by N ~ W := ker(~, K tg) N) c V = ker(a, K tg) M). Let N correspond to W. Let H be the open subgroup of finite index of Gal(Ck/Ck) that stabilizes N. Then pr-1 H C G+ is the stabilizer of W and moreover, H is the stabilizer of W for the chosen Ck-structure on V. Let C' C Ck denote the fixed field of H. Then W is defined over C' and the field of definition of N is k' -C' (x) . One concludes that rationality properties of G-invariant subspaces W of V (and the corresponding N C M) do not depend on the choice of the section s.
Fields of convergent Laurent series
The field of convergent Laurent series over R will be denoted by k = R({x}). Then k = C({x}) is the field of convergent Laurent series over the complex numbers. The main observation is that there are examples for part (b) of Theorem 2.3 in this situation. This is in contrast with the formal case, i.e., differential equations over the fields R((x)) and C((x)). [P] (in the context of descent). One obtains a differential operator of degree 4 in R({x})[03B4] (where 03B4 = x dx namely which has the properties:
L4 factors in C({x}) [03B4] (in many ways) as a product of irreducible operators of degree 2. One right hand factor is for instance L2:= 03B42 + 03B4 + (1 + x-2 -i). The complex conjugate L2 := 62 + 6 + (1 + x-2 + i) is obviously also a right hand factor of L4 and is moreover equivalent to L2. One can construct large classes of differential operators in R({x}) [03B4] with these somewhat bizarre properties.
One way of explaining these examples is that a differential module over, -say, C({x}) can be seen as a differential module over C((x)), provided with the additional data of a family of Stokes matrices. The possibilities for these additional data form a finite dimensional affine space over C (see [P-S] [C] , and rediscovered in [P80] . The [P-S] ) and show that no divergence occurs.
We will not carry this out here.
In the sequel of this paper, k is a complete valued field containing Qp. Again K = k({x}). For imply that B(03C303C4) = C(03C3, 03C4)B(03C3)03C3(B(03C4)) for some automorphism C(03C3, T) ( 03B4+A. Thus C(03C3, T) e k* and by the above normalization one concludes tha C(03C3, 03C4) = 1 for all 03C3, 03C4. Using [S] , Proposition 3, p.159, and using of Definitions 2.2), one concludes that 8 + A descends to the fiel L = l({x}).
